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We provide a generalization for the polygamy constraint of multiparty entanglement in arbitrary
dimensional quantum systems. By using the βth-power of entanglement of assistance for 0 ≤
β ≤ 1 and the Hamming weight of the binary vector related with the distribution of subsystems,
we establish a class of weighted polygamy inequalities of multiparty entanglement in arbitrary
dimensional quantum systems. We further show that our class of weighted polygamy inequalities
can even be improved to be tighter inequalities with some conditions on the assisted entanglement
of bipartite subsystems.
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I. INTRODUCTION
One intrinsic feature of quantum entanglement is the
limited shareability of bipartite entanglement in multi-
party quantum systems. This distinct property of quan-
tum entanglement without any classical counterpart is
known as the monogamy of entanglement(MoE) [1, 2].
MoE is mathematically characterized in a quantitative
way; for a given three-party quantum state ρABC with
its reduced density matrices ρAB = trCρABC and ρAC =
trBρABC ,
E
(
ρA|BC
) ≥ E (ρA|B)+ E (ρA|C) (1)
where E
(
ρA|BC
)
is the bipartite entanglement between
subsystems A and BC, and E
(
ρA|B
)
and E
(
ρA|C
)
are
the bipartite entanglement between A and B and be-
tween A and C, respectively. The monogamy inequality
in (1) shows a mutually exclusive relation of the bipartite
entanglement between A and each of B and C(that is,
E
(
ρA|B
)
and E
(
ρA|C
)
, respectively), so that their sum-
mation cannot exceeds the total entanglement between
A and BC(measured by E
(
ρA|BC
)
).
The first monogamy inequality was established in
three-qubit systems using tangle as the bipartite entan-
glement measure [3]. Later, it was generalized for mul-
tiqubit systems, and some cases of higher-dimensional
quantum systems in terms of various bipartite entangle-
ment measures [4–9].
Whereas MoE reveals the limited shareability of en-
tanglement in multiparty quantum systems, the assisted
entanglement, which is a dual amount to bipartite entan-
glement measures, is also known to have a dually monog-
amous property in multiparty quantum systems, namely,
polygamy of entanglement(PoE). PoE is also mathemat-
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ically characterized as polygamy inequality;
Ea
(
ρA|BC
) ≤ Ea (ρA|B)+ Ea (ρA|C) , (2)
for a three-party quantum state ρABC where Ea
(
ρA|BC
)
is the assisted entanglement [10].
The polygamy inequality in (2) was first proposed in
three-qubit systems using tangle of assistance [10], and
generalized into multiqubit systems in terms of various
assisted entanglements [8, 9, 11]. For quantum sys-
tems beyond qubits, a general polygamy inequality of
multiparty entanglement in arbitrary dimensional quan-
tum systems was established using entanglement of as-
sistance [12–14].
One main difficulty in studying entanglement in multi-
party quantum systems is that there are several inequiv-
alent classes of genuine multiparty quantum entangle-
ment that are not convertible to each other by means
of stochastic local operations and classical communica-
tions(SLOCC) [15]; for example, there are two inequiva-
lent classes of genuine three-party pure entangled states
in three-qubit systems [15]. One is the Greenberger-
Horne-Zeilinger(GHZ) class [16], and the other one is the
W-class [15]. The existence of these inequivalent classes
make us infeasible to directly compare the amount of en-
tanglement from different classes, which also implies the
hardness of having a universal way to quantify multiparty
quantum entanglement, even abstractly.
Although this characterization is due to the intercon-
vertibility under SLOCC, these inequivalent classes of
genuine three-qubit entangled states also reveal differ-
ent characters in terms of entanglement monogamy and
polygamy. The tangle-based monogamy and polygamy
inequalities of three-qubit entanglement in Inequalities
(1) and (2) are saturated (thus they hold as equalities)
by the W-class states, whereas the differences between
terms can assume their largest values for the GHZ-class
states.
The saturation of the monogamy and polygamy in-
equalities for W-class states implies that this type of
genuine three-qubit entanglement can be complete char-
2acterized by means of the bipartite ones within it, which
is not the case for the GHZ-class states, the other type
of genuine three-qubit entanglement. Thus entanglement
monogamy and polygamy are not just distinct phenom-
ena in multipartite quantum systems, but they also pro-
vide us an efficient way to qualify multipartite entangle-
ments from different classes.
For the case of multi-qubit W-class states more that
three qubits, the tangle-based monogamy and polygamy
inequalities are also saturated by this class, and thus an
analogous interpretation can be applied. However, tangle
is known to fail in generalizing the monogamy inequal-
ity into higher-dimensional systems more than qubits [6].
This imposes the importance of having proper bipartite
entanglement quantifications showing tight monogamy
and polygamy inequalities for an efficient characteriza-
tion of multiparty entanglements from different classes
even in high-dimensional quantum systems.
Recently, monogamy and polygamy inequalities of mul-
tiqubit entanglement were generalized in terms of non-
negative power of entanglement measures and assisted
entanglements; it was shown that the αth-power of the
entanglement of formation and concurrence can be used
to establish multiqubit monogamy inequalities for α ≥√
2 and α ≥ 2, respectively [17]. Later, tight classes
of monogamy and polygamy inequalities of multiqubit
entanglement using non-negative power of various entan-
glement measures were also proposed [18–20]. However,
the validity of this tight generalization of entanglement
constraints beyond qubit systems is still unclear.
Here, we provide a tight polygamy constraint of mul-
tiparty entanglement in arbitrary dimensional quantum
systems. By using the βth-power of entanglement of as-
sistance for 0 ≤ β ≤ 1 and the Hamming weight of the
binary vector related with the distribution of subsystems,
we establish a class of weighted polygamy inequalities of
multiparty entanglement in arbitrary dimensional quan-
tum systems. We further show that our class of weighted
polygamy inequalities can even be improved to be tighter
inequalities with some conditions on the assisted entan-
glement of bipartite subsystems.
The paper is organized as follows. In Sec. II, we review
the polygamy constraints of multiparty quantum entan-
glement based on tangle and entanglement of assistance.
In Sec. III, we first provide some notations and defini-
tions about binary vectors as well as its Hamming weight,
and establish a class of weighted polygamy inequalities
of multiparty entanglement using the βth-power of en-
tanglement of assistance for 0 ≤ β ≤ 1. We also show
that our class of weighted polygamy inequalities can be
improved to be tighter inequalities with some conditions
on the assisted entanglement of bipartite subsystems. Fi-
nally, we summarize our results in Sec. IV.
II. POLYGAMY OF MULTIPARTY QUANTUM
ENTANGLEMENT
The first polygamy inequality was established in three-
qubit systems [10]; for a three-qubit pure state |ψ〉ABC ,
τ
(
|ψ〉A|BC)
)
≤ τa
(
ρA|B
)
+ τa
(
ρA|C
)
, (3)
where
τ
(
|ψ〉A|BC
)
= 4det ρA (4)
is the tangle of the pure state |ψ〉ABC between A and
BC, and
τa
(
ρA|B
)
= max
∑
i
piτ
(
|ψi〉A|B
)
(5)
is the tangle of assistance of ρAB = trC |ψ〉ABC〈ψ| with
the maximum taken over all possible pure-state decompo-
sitions of ρAB =
∑
i pi|ψi〉AB〈ψi|. Later, Inequality (3)
was generalized into multiqubit systems [11]
τa
(
ρA1|A2···An
) ≤ n∑
i=2
τa
(
ρA1|Ai
)
, (6)
for an arbitrary multiqubit mixed state ρA1···An and
its two-qubit reduced density matrices ρA1Ai with i =
2, . . . , n.
For polygamy inequality beyond qubits, it was shown
that von Neumann entropy can be used to estab-
lish a polygamy inequality of three-party quantum sys-
tems [12]; for any three-party pure state |ψ〉ABC of arbi-
trary dimensions, we have
E
(
|ψ〉A|BC
)
≤Ea
(
ρA|B
)
+ Ea
(
ρA|C
)
, (7)
where
E
(
|ψ〉A|BC
)
= S (ρA) (8)
is the entropy of entanglement between A and BC in
terms of the von Neumann entropy
S(ρ) = −trρ log ρ, (9)
and Ea(ρA|B) is the entanglement of assistance(EoA) of
ρAB defined as [21]
Ea(ρA|B) = max
∑
i
piE
(
|ψi〉A|B
)
(10)
with the maximization over all possible pure state de-
compositions of ρAB =
∑
i pi|ψi〉AB〈ψi|. Later, a gen-
eral polygamy inequality of multiparty quantum entan-
glement was established as
Ea
(
ρA1|A2···An
) ≤ n∑
i=2
Ea
(
ρA1|Ai
)
, (11)
for any multiparty quantum state ρA1A2···An of arbitrary
dimension [13].
3III. WEIGHTED POLYGAMY CONSTRAINTS
OF MULTIPARTY QUANTUM
ENTANGLEMENT
Based on the binary expression of any nonnegative in-
teger j,
j =
n−1∑
i=0
ji2
i (12)
such that log2 j ≤ n and ji ∈ {0, 1} for i = 0, . . . , n− 1,
we define a unique binary vector
−→
j associated with j as
−→
j = (j0, j1, . . . , jn−1) . (13)
For the binary vector
−→
j in Eq. (13), its Hamming
weight [22], ωH
(−→
j
)
, is defined as the number of
1′s in its coordinates, that is, the number of 1′s in
{j0, j1, . . . , jn−1}.
The following theorem states that a class of weighted
polygamy inequalities of multiparty entanglement in ar-
bitrary dimension can be established using the βth-power
of EoA and the Hamming weight of the binary vector re-
lated with the distribution of subsystems.
Theorem 1. For 0 ≤ β ≤ 1 and any N + 1-party quan-
tum state ρAB where B consists of N -party subsystems,
there exists a proper ordering of the N -party subsystems
B = {B0, · · · , BN−1} such that
(
Ea
(
ρA|B0B1···BN−1
))β ≤ N−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
ρA|Bj
))β
.
(14)
Proof. Let us consider the ordering of the N -party sub-
systems B = {B0, · · · , BN−1} where the EoA’s between
A and each Bj are in decreasing order, that is,
Ea
(
ρA|Bj
) ≥ Ea (ρA|Bj+1) ≥ 0 (15)
for each j = 0, . . . , N − 2.
From the monotonicity of the function f(x) = xβ for
0 ≤ β ≤ 1 and Inequality (11), we have
(
Ea
(
ρA|B0B1···BN−1
))β ≤

N−1∑
j=0
Ea
(
ρA|Bj
)
β
, (16)
therefore, it is enough to show that

N−1∑
j=0
Ea
(
ρA|Bj
)
β
≤
N−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
ρA|Bj
))β
.
(17)
We first prove Inequality (17) for the case thatN = 2n,
a power of 2, by using mathematical induction on n, and
extend the result for any positive integer N . For n = 1
and a three-party state ρAB0B1 with bipartite reduced
density matrices ρAB0 and ρAB1 , we have
(
Ea
(
ρA|B0
)
+ Ea
(
ρA|B1
))β
=
(
Ea
(
ρA|B0
))β (
1 +
Ea
(
ρA|B1
)
Ea
(
ρA|B0
)
)β
. (18)
Because the ordering in Inequality (15) assures [23]
0 ≤ Ea
(
ρA|B1
)
Ea
(
ρA|B0
) ≤ 1, (19)
Eq. (18) leads us to
(
Ea
(
ρA|B0
)
+ Ea
(
ρA|B1
))β
≤ (Ea (ρA|B0))β + β (Ea (ρA|B1))β , (20)
where the inequality is due to
(1 + x)
β ≤ 1 + βxβ , (21)
for any x ∈ [0, 1] and 0 ≤ β ≤ 1. Inequality (20) recovers
Inequality (17) for N = 2, that is, n = 1.
Now we assume the validity of Inequality (17) for
N = 2n−1 with n ≥ 2, and consider the case thatN = 2n.
For an (N + 1)-party quantum state ρAB0B1···BN−1 and
its bipartite reduced density matrices ρABj with j =
0, . . . , N−1, the ordering of subsystems in Inequality (15)
assures that
0 ≤
∑2n−1
j=2n−1 Ea
(
ρA|Bj
)
∑2n−1−1
j=0 Ea
(
ρA|Bj
) ≤ 1. (22)
Thus we have
4
2n−1∑
j=0
Ea
(
ρA|Bj
)
β
=

2n−1−1∑
j=0
Ea
(
ρA|Bj
)
β (
1 +
∑2n−1
j=2n−1 Ea
(
ρA|Bj
)
∑2n−1−1
j=0 Ea
(
ρA|Bj
)
)β
≤

2n−1−1∑
j=0
Ea
(
ρA|Bj
)
β 
1 + β
(∑2n−1
j=2n−1 Ea
(
ρA|Bj
)
∑2n−1−1
j=0 Ea
(
ρA|Bj
)
)β
=

2n−1−1∑
j=0
Ea
(
ρA|Bj
)
β
+ β

 2n−1∑
j=2n−1
Ea
(
ρA|Bj
)
β
, (23)
where the inequality is due to Inequality (21).
From the induction hypothesis, we have
2n−1−1∑
j=0
Ea
(
ρA|Bj
)
β
≤
2n−1−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
ρA|Bj
))β
.
(24)
Moreover, the second summation in the last line of (23)
is a summation of 2n−1 terms, therefore the induction
hypothesis also guarantees
 2n−1∑
j=2n−1
Ea
(
ρA|Bj
)
β
≤
2n−1∑
j=2n−1
β
ωH
(−→
j
)
−1 (
Ea
(
ρA|Bj
))β
.
(25)
(Possibly, we may index and reindex subsystems to get
Inequality (25), if necessary.)
From Inequalities (23), (24) and (25), we have

2n−1∑
j=0
Ea
(
ρA|Bj
)
β
≤
2n−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
ρA|Bj
))β
,
(26)
which recovers Inequality (17) for the case that N = 2n.
Now let us consider an arbitrary positive integerN and
a (N + 1)-party quantum state ρAB0B1···BN−1 . We first
note that we can always consider a power of 2 that is an
upper bound of N , that is 0 ≤ N ≤ 2n for some n. We
also consider a (2n + 1)-party quantum state
γAB0B1···B2n−1 = ρAB0B1···BN−1 ⊗ σBN ···B2n−1 , (27)
which is a product of ρAB0B1···BN−1 and an arbitrary
(2n −N)-party quantum state σBN ···B2n−1 .
Because γAB0B1···B2n−1 is a (2
n + 1)-party quantum
state, Inequality (26) leads us to
(
Ea
(
γA|B0B1···B2n−1
))β ≤ 2
n−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
γA|Bj
))β
,
(28)
where γABj is the bipartite reduced density matric of
γAB0B1···B2n−1 for each j = 0, . . . , 2
n − 1. Moreover,
γAB0B1···B2n−1 is a product state of ρAB0B1···BN−1 and
σBN ···B2n−1 , which implies
Ea
(
γA|B0B1···B2n−1
)
= Ea
(
ρA|B0B1···BN−1
)
, (29)
and
Ea
(
γA|Bj
)
= 0, (30)
for j = N, . . . , 2n − 1. Because
γABj = ρABj , (31)
for each j = 0, . . . , N − 1, we have
(
Ea
(
ρA|B0B1···BN−1
))β
=
(
Ea
(
γA|B0B1···B2n−1
))β
≤
2n−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
γA|Bj
))β
=
N−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
ρA|Bj
))β
,
(32)
and this completes the proof.
To illustrate the tightness of Inequality (14) compared
with Inequality (11) in previous section, let us consider
the three-qubit W state
|W 〉ABC =
1√
3
(|100〉+ |010〉+ |001〉) . (33)
Because it is a pure state, we have
Ea
(
ρA|BC
)
=S(ρA) = log 3− 2
3
, (34)
and the EoA of the two-qubit reduced density matrices
are [24]
Ea
(
ρA|B
)
= Ea
(
ρA|C
)
=
2
3
. (35)
5Thus, the marginal EoA from Inequality (11) is
Ea
(
ρA|B
)
+ Ea
(
ρA|C
)
− Ea
(
ρA|BC
)
= 2− log 3 ≈ 0.415. (36)
For the cases that β = 12 or
1
3 , the marginal EoA’s
from Inequality (14) for three-qubit W state are√
Ea
(
ρA|B
)
+
1
2
√
Ea
(
ρA|C
)
−
√
Ea
(
ρA|BC
) ≈ 0.272,
Ea
(
ρA|B
)1/3
+
1
3
Ea
(
ρA|C
)1/3
− Ea
(
ρA|BC
)1/3 ≈ 0.196. (37)
Thus Inequality (14) is generally tighter than Inequal-
ity (11), which also delivers better bounds to character-
ize the W-class type three-party entanglement by means
of bipartite ones.
For any 0 ≤ β ≤ 1 and the Hamming weight ωH
(−→
j
)
of the binary vector
−→
j = (j0, . . . , jn−1), we have 0 ≤
β
ωH
(−→
j
)
≤ 1, therefore
(
Ea
(
ρA|B0B1···BN−1
))β ≤N−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
ρA|Bj
))β
≤
N−1∑
j=0
(
Ea
(
ρA|Bj
))β
, (38)
for any multiparty state ρAB0B1···BN−1 . Thus we have
the following corollary;
Corollary 1. For 0 ≤ β ≤ 1 and any multiparty quan-
tum state ρAB0···BN−1 , we have
(
Ea
(
ρA|B0B1···BN−1
))β ≤ N−1∑
j=0
(
Ea
(
ρA|Bj
))β
. (39)
We further note that the class of weighted polygamy
inequalities in Theorem 1 can even be tightened with
some condition on bipartite entanglement of assistance.
Theorem 2. For 0 ≤ β ≤ 1 and any multiparty quantum
state ρAB0···BN−1 , we have
(
Ea
(
ρA|B0···BN−1
))β ≤ N−1∑
j=0
βj
(
Ea
(
ρA|Bj
))β
, (40)
conditioned that
Ea
(
ρA|Bi
) ≥ N−1∑
j=i+1
Ea
(
ρA|Bj
)
, (41)
for i = 0, . . . , N − 2.
Proof. Inequality (16) assures that it is enough to show

N−1∑
j=0
Ea
(
ρA|Bj
)
β
≤
N−1∑
j=0
βj
(
Ea
(
ρA|Bj
))β
. (42)
We use the mathematical induction on N , and we also
note that Inequality (20) guarantees the validity of In-
equality (42) for N = 2.
Let us assume Inequality (42) is true for any positive
integer less than N , and consider a multiparty quantum
state ρAB0···BN−1 . The condition in Inequality (41) as-
sures
0 ≤
∑N−1
j=1 Ea
(
ρA|Bj
)
Ea
(
ρA|B0
) ≤ 1, (43)
thus, we have

N−1∑
j=0
Ea
(
ρA|Bj
)
β
=
(
Ea
(
ρA|B0
))β (
1 +
∑N−1
j=1 Ea
(
ρA|Bj
)
Ea
(
ρA|B0
)
)β
≤ (Ea (ρA|B0))β

1 + β
(∑N−1
j=1 Ea
(
ρA|Bj
)
Ea
(
ρA|B0
)
)β
=
(
Ea
(
ρA|B0
))β
+ β

N−1∑
j=1
Ea
(
ρA|Bj
)
β
, (44)
where the inequality is due to Inequality (21). The summation in the last line of (44) is a summation
6of N − 1 terms, therefore the induction hypothesis leads
us to
N−1∑
j=1
Ea
(
ρA|Bj
)
β
≤
N−1∑
j=1
βj−1
(
Ea
(
ρA|Bj
))β
. (45)
Now, Inequalities (44) and (45) recover Inequality (42),
and this completes the proof.
For any nonnegative integer j and its corresponding bi-
nary vector
−→
j , the Hamming weight ωH
(−→
j
)
is bounded
above by log2 j. Thus we have
ωH
(−→
j
)
≤ log2 j ≤ j, (46)
therefore
(
Ea
(
|ψ〉A|B0···BN−1
))β
≤
N−1∑
j=0
βj
(
Ea
(
ρA|Bj
))β
≤
N−1∑
j=0
β
ωH
(−→
j
) (
Ea
(
ρA|Bj
))β
,
(47)
for 0 ≤ β ≤ 1. Thus, Inequality (40) of Theorem 2 is
tighter than Inequality (14) of Theorem 1 for 0 ≤ β ≤ 1
and any multiparty quantum state ρAB0B1···BN−1 satis-
fying the condition in Inequality (41).
IV. CONCLUSIONS
We have provided a generalization for the polygamy
constraint of multiparty entanglement in arbitrary di-
mensional quantum systems. By using the βth-power
of entanglement of assistance for 0 ≤ β ≤ 1 and the
Hamming weight of the binary vector related with the
distribution of subsystems, we have establish a class of
weighted polygamy inequalities of multiparty entangle-
ment in arbitrary dimensional quantum systems. We
have further shown that our class of weighted polygamy
inequalities can be improved to be tighter inequalities
with some conditions on the assisted entanglement of bi-
partite subsystems.
The study of higher-dimensional quantum systems is
important and even necessary in various quantum in-
formation and communication processing tasks. For in-
stance, qudit systems for d > 2 are sometimes preferred
in quantum cryptography such as in quantum key distri-
bution where the use of qudits increases coding density
and provides stronger security compared to qubits [25].
However, the entanglement properties in higher-
dimensional systems are hardly known so far, and the
generalization of the multiparty entanglement analysis,
especially the monogamy and polygamy constraints from
qubit to qudit case is far more than trivial. Thus even
fundamental steps of the challenges to the richness of
entanglement studies for system of multiparty higher-
dimensions systems would be necessary and fruitful to
understand the whole picture of quantum entanglement.
Our results presented here deal with a generalized
polygamy constraints of multyparty entanglement in ar-
bitrary higher dimensional quantum systems. Moreover,
our class of polygamy inequalities provide tighter con-
straints which can also provide finer characterizations
of the entanglement distributions among the multiparty
systems. Noting the importance of the study on multi-
party quantum entanglement especially in higher dimen-
sional quantum systems, our result can provide a rich ref-
erence for future work on the study of multiparty quan-
tum entanglement.
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